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In the last years Alain Connes produced a remarkable interpretation of the standard 
model (electroweak and chromodynamics sectors) within his theory of non-commutative 
riemannian spin manifolds [1-4]. All the terms of the usual bosonic lagrangian are ob- 
tained via a non-commutative analogue of the Yang-Mills algorithm featuring a single 
curvature attached to a pair of algebras in Poincare-duality (viz. the electroweak algebra 
^ (7°° (g) ((D © H) and the chromodynamics algebra i3 = (g) ((D © M3((D)) building 
a "non-commutative space" A ® B which incorporates the "inner degrees of freedom" . 
The differential geometry of ^ © is specified (in a way generalizing the specification of 
the differential geometry of a spin'^-manifold by its Dirac operator) by a "4+-summable 
-ftT-cycle" (Kasparov A © i3-module) H = Hi® Hq, direct sum of leptonic and quark 71/2- 
graded Hilbert spaces, also enacted by a generalized Dirac operator V = V\ Q) V^. The 
representation tt = tt^ © tt^ of ^ © i3 on the bimodule Tii © Tiq extends to a representation 
of the tensor product O^^© O^iS of their "non-commutative De Rham complexes" (sets 
of quantum differential forms). The theory produces the four usual gauge bosons plus the 
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Higgs boson appearing as a fifth gauge boson connected with discreteness. For details we 
refer to [5] and [8]. 

The "non-commutative Yang-Mills scheme" consists in "integrating" the square of the 
quantum curvature by means of a trace rp on the endomorphisms of the quantum forms 
derivate of the trace = Tri_j[D~'^7T{-)] on the quantum forms constructed via Dixmier 
trace and generalized Dirac operator. In fact, as this trace splits in independent partial 
traces according to natural splittings of the Hilbert space 7i, convex combination of those 
partial traces give rise to a convex family of "integrations" (depending upon the adopted 
splitting). The maximal splitting into irreducible submodules produces the lagrangian of 
the usual standard model with its 18 free parameters. A more restricted natural choice 
corresponds to the splitting TC — Hi (B Hq into leptonic and quark Hilbert spaces, with 
possible traces convex combinations 

aiT-Vi + aqT-D^, ai = ^{l + x),ag = ^{l-x), -1 < a; < 1, (1) 

amongst which the most symmetric choice x — yields a lagrangian with 4 parameters less 
than usual (the free parameters are the entries of the fermion mass matrix plus a single 
universal coupling constant). 

Such constrained versions of the standard model (natural inasmuch as they postulate 
extents of "fermionic universality" ) are potentially interesting since containing more infor- 
mation than the usual standard model (these models are of the "unification" type, with a 
single Higgs, and without cross terms endangering the stability of the proton). Genuine 
physical predictions along such lines would of course require a renormalized quantum field 
theory — a stage not yet attained in the present purely classical (lagrangian) level, where 
customary quantization and unsophisticated renormalization would destroy the constraints 
and restitute the usual 18 free parameters. 

With this in mind, it is, however, perhaps interesting, for a first exploration of the 
constrained lagrangians and for speculations, to look at the results at tree level. The 
Dixmier trace (1) leads to the following bosonic (gauge and Higgs) lagrangian [5]:^ 

Cb = -Ag^.ga'^^ - S^f^'^ - ^Ch^.h/'^ + 2LD^$,D'^$^ + X($,$^ - 1)2, (2) 

^ In what follows, we do not bother about the fact that the traditional lagrangian is 
lorentzian whilst the NCDG lagrangian is euclidean, since this point has not bearing on 
coupling constants. 
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featuring the curvatures g,f and h of respective SU(3)-, U(l)-, and SU(2)-connexions with 
one-forms c,a, and c, and the covariant D^$j , where 



D^ = V^ + i(a^-bVif). 



(3) 



with the constants A through K ^ 
given by 

r A — 
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B = f{10-x) 
C = N{2-x) 

L = Tr[aiiie + Soiq{iiu + l^d)] - §(1 - x)m1 (4) 
K = ^Triaifil + Sa^iiil + /x^)] + 3agTr[iiul^d] 
~[l/{ai + 6a,) + l/{2ai + 6aq)]N-^L'^ 

c.|(l-x)m|-|(l-x) ,y_-^-+> | 

where fig = MeM*,fiu = MuM*,fid = M^M^, M^., Mu, the respective mass matrices 
of the charged leptons, the upper quarks and the lower quarks. We indicated approximate 
values in terms of the top mass rrit supposed dominant. 

We recall the expression of the gauge and Higgs part of the lagrangian of the traditional 
standard model: 
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1. 



■'gauge ~^ '"Higgs — ^ fii'^'a ^^i^v^ 4 ^i-^ s 



(5) 



with the covariant derivative given by: 

We find it convenient to use the following basic parameters of the standard model 
numerically all known except //: 

9 = x/f? + 9l 
Od^dw ^ 92/g . 

V 



(6) 



(7) 



^ The approximate values for L and K are valid up to 1%, which is consistent with 
neglecting all fermion masses against the top mass. 



In terms of the latter, one has gi = gsm9\Y,g2 = g cos Ow, and the following masses: 

niH = V^A* 
mz = ^vg 

mw = rnz cos 6w = hv92 



(8) 



whilst the Higgs potential is given by: 



Vmggs = ^(0* 



(9) 



Identification of the covariant derivatives (3) and (6) is synonimous with the identifi- 
cations: 

c = gsG 

in components c°'^ = gzQ"' ^ a= 1, 8; 



(10) 



in components = giB^^ 



(11) 



implying 



b = g2W 

in components b*^ = 5^2 W^*/^ s = 1, 2, 3. 



f/ui/ = —\giB^j, = -^g2 cos 9wB^,^ 
h^. = g2W%,, s=l,2,3, 
[S\.=93G%, a=l,...8 



(12) 



(13) 



Assuming that (p and $ difi'er by a constant (insensitive to multiplication of (p resp. $, by 
constants), the latter follows from comparison of the fourth terms of (2) and (5), yielding 



(14) 



Inserting (10) through (14) into (2) yields: 

C-'g2^CB = -^^G%.ga^''-^tanHwB^,B^'' - -W^^Ws^"" 
^92 4^ 4 



Cv^gl 



V 

~2 



(15) 



which we identify with (5). Identification of the first term yields: 



9z = \iCIAYl-'g^. (16) 

Identification of the second terms fixes the Weinberg angle: 

B C 
tan~^ = 77 whence siv? 9w — — 7; (17) 
C B -\- C 

Identification of the middle terms fixes the ratio of the mass mw of the VF-boson to the 
mass mt of the top quark: 

v^gl = Am^w = 4^ (18) 

whence 

mw = (L/C)^/^ (18a) 

Identification of the ratio of the last terms fixes the ratio of the mass mn of the Higgs 

boson to the mass nit of the top quark: 

= K/L, (19) 

whence 

ruH = (2K/L)^/2. (19a) 
Plugging (3) into those relations gives 

1 4 _ 2r 

^3= 2173^] '/'^2 {=92 for x^O), (20) 

sin^ ew = : ^ (=1 for x^O), (21) 
and, neglecting all fermion masses against the top mass mt'. 

(3fl x^ \ ^'^^ 1 

m{i~-x/2) ) ^^2^' ^""^ ""^^ ^ = ^^^^ 

and 

3 3x2 - 8x + 5 \ 1/2 



I' "2 -17. + 14 J 
Relations (20) and (21) have a "grand unification" fiavour. We now show that, given the 
relationships (10, (11), (12) between fields and connexion forms, those relations proceed 
directly from the choice (1) of Dixmier trace together with the gauge content of the leptonic 
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and quark K-cycle V-i and TYg. Concerning the latter we recall the definitions of the leptonic 
and quark Hilbert spaces (cf. [4], [5]): we have T-Li = L'^{S-m)®Hi and Hq = L'^{{SM.)'SiHq, 
where Sm is the spin bundle, and: 



Hi = HiR®HiL (24) 



with 



Hin =<Dfl «'<C^, (Dfl spanned by cr, 
Hi^ =(DI (^(C'^' , (D^ spanned by i^L,eL 



(25) 



respectively: 



with 



Hq = Hq, e Hq, (26) 



Hqn =(Cfl <8)(D^, (D^ spanned by ur, dR, 



(27) 



Hq, =(D| (8)(D^, (Di spanned by ml, cZl, 

The leptonic inner spaceCD]:^. ©(Cf is acted upon by matrix representatives T^, Cf, Qi of T^, 
C^, and of the electric charge Q ^ , where iT^ e su{2), iC^ e su{3): 



Tf = I 1 \ UL s.t. TT{T^*Tf) = -, (28) 




Cf = (29) 




Q« = I I s.t. Tr{Q*iQi) = 2. (30) 



^ The factor (D corresponds to the N fermion generation with identical gauge be- 
haviour, and can be omitted in the calculation to come. 

^ We choose to work with the electric charge Q for the definition of which there is 
consensus, rather than with the hypercharge Y which is differently defined by different 
authors. We shall need the infinitesimal generator R of the U (1) group to write formula 
(34) below, but we shall not really need it. 
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Likewise the quark inner space (D^ ©(D| is acted upon by representatives T^,C^,Q^ 



of T^, C^, and Q, with matrices: 













ur 














dR 








1 

2 





ul 


Vo 










dL 




s.t. Tr{T^*T^) 



3 
2' 



(31) 



/I 
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Vo 








ij 


dL 




s.t. Tr{Cl*Cl) = 2 



(32) 



/ 3 
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s.t. Tr{T^*T^) = ^. 
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(33) 



Invariant bilinear forms on the Lie algebras su{3),su{2), and u{l) are unique up to 
scale. The most general invariant bilinear form on the Lie algebra su{3) © su{2) © u{l) of 
the gauge group is therefore an arbitrary linear combination of the type: 

(A, A') = -^Tr{C*C')+^Tr{T*T') + ^\rR' , 

93^ gi 91 2 

A = (C, T, R),A'= (C, T', R') e su{3) © su{2) © u{l) (^4) 



Identifying this with the bilinear form on the Lie algebra of the gauge group stemming 
from the Dixmier trace (1): 



{A, A') = aiTr{A1A'i) + agTriA^A'^), A, A' e su(3) © 5^(2) © u(l), 
then yields the relation 



93 
92 



aiTr{Tf*Tf) + a,Tr{T^*T^) \ai + fa. 



X 



aiTT{CrCf) + a,Tr{Cl*Cl) 
identical with (20), and the relation [9] 

o,Tr(Tf*Tf) + n,rr(7;fr3) 



sin 9w — 



aiTriCld) + aqTr{QlQq) 

7 



2a. 
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2(1 -a;)' 



32-x 



2ai + ^aq 44- X 



(35) 



(36) 



(37) 



identical with (21). For x = 0, this calculation is formally identical to the one performed 
in SU (5)-grand unification, the reason being that fermion content and ponderation are the 
same. 

Our second concern is a short discussion of the behaviour or relations (20) through 
(23) as X ranges from -1 to +1. This is illustrated by the table: 



X 


-1 





1 

2 


0.99 


1 


{93/92^ 


3 

4 


1 


3 
2 


50.5 


00 


sin^ 9w 


9 

20 


3 

8 


9 

28 


0.252 


1 

4 


mt/mw 


x/3 


2 




14.2 


00 


mn/mw 


2.65 


3.14 


3.96 


24.5 


00 



We note that the ratio m^/mt shows little variationfrom 1.53 to -s/S. The table suggests 
the following remarks: 

(i) : all tabulated functions are monotonic in x. 

(ii) : the value a; = seems to correspond to a situation of the "unification" type. 

(iii) : for the limit value a; = 1, i.e. aq = 0, the Weinberg angle is near its experimental 
value, whilst strong interactions prevail. Indication of lepton dominance at experimental 
energies? Connected with confinement? 

The first-named author had the privilege, in the seventies, to be amicably introduced 
by E. M. Polivanov to some of the architectonic treasures of Moscow. D. K.'s lasting 
impressions about the beauty and spirituality of the old Russian capital remain indelibly 
tied up with the remembrance of the kindness and moral elevation of the eminent physicist 
for whom we are mourning. 
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